This supplementary information provides some detailed quantum-mechanical calculations for the main article.
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Transformation on the Hamiltonian can be calculated with the Baker-Hausdorff lemma:
For
where
noting that
where ε lmn is the Levi-Civita symbol,
and
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we have
The Hamiltonian becomes time-independent:
With a further transformation,
noting,
In the non-relativistic limit, the top component of the Dirac equation reduces to a Schrödinger equation with an effective Hamiltonian,
is the Hamiltonian of the atom including the spin-orbit interaction in the absence of external fields,
B. The nonlinear shifts
The effective Hamiltonian can be divided into an solvable part and a perturbation part:
in which
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Here we drop the spin Zeeman term which does not perturbed by H . Approximating the atom as an hydrogen-like atom, eigenvalues of H 0 and their corresponding eigenfunctions are:
in which R nl (r) are the radial wave functions and Y m l (θ , ϕ) are the spherical harmonic functions. By using the formula
one can calculate the matrix elements of H . The nonlinear parts proportional to m 2 of those nonzero elements are
The nonlinear parts of second order corrections to energy eigenvalues 1 are
Here we define a nonlinear shift factor:
For a 3d electron of a hydrogen-like atom,
where x = rZ/a 0 , a 0 is the Bohr radius, and Z stand for the effective atomic number. A direct integration yields,
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Some numerical estimations
For a laser pulse with a duration of 100 femtosecond and a fluence of 500mJ/cm 2 . The intensity I is about I ∼ fluence duration ∼ 5 × 10 12 (W/cm 2 )
The corresponding electric field intensity, E 0 = 2745 √ I ∼ 6 × 10 9 (V/m)
Energy of a photon at 800nm is ω = 1.55eV. Choosing ε 32 − ε 31 ∼ 3eV and Z ∼ 1 provides a very rough estimation of η 32 (ω) as about 10 −1 eV.
